BRODY CURVES AND MEAN DIMENSION 
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' Abstract. We study the mean dimensions of the spaces of Brody curves. In particular 

we give the formula of the mean dimension of the space of Brody curves in the Riemann 
O . sphere. A key notion is a non-degeneracy of Brody curves introduced by Yosida (1934). 

We develop a deformation theory of non-degenerate Brody curves and apply it to the 
I calculation of the mean dimension. Moreover we show that there are sufficiently many 

' non-degenerate Brody curves. 
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1. Introduction 



> 

u 

I 1.1. Main results. Let z = x + y\J—\ G C be the standard coordinate in the complex 
^ ' plane C. Let f = \fQ '■ f\ '■ ■ ■ ■ '■ /at] : C — t- CP^ be a holomorphic map (/j: holomorphic 

function). We define \df\{z) > by 

>■ \df\\z):=^Alog{W + \h\' + --- + \fN\') (a:- 



^ ! M/K-^^) is classically called a spherical derivative. It evaluates the dilatation of the map 

^ ! / with respect to the Euclidean metric on C and the Fubini-Study metric on CP^ . (See 
the equation (|6]) in Section l42l ) 

A holomorphic map / : C — t- CP^ is called a Brody curve ([3]) if it satisfies |(i/|(2;) < 1 
for all z E C. Let A^(CP^) be the space of Brody curves in CP^. It is endowed with 
■ the compact-open topology (the topology of uniform convergence on compact subsets): 

' A sequence of Brody curves {/„} C A^(CP^) converges to / G A^(CP^) if and only if 
for any compact subset C C we have sup^gi^ d{fn{z), f{z)) — )■ as — )• oo. {d{-, ■) is 
the distance on CP^ with respect to the Fubini-Study metric.) A^(CP^) is an infinite 
dimensional compact metrizable space, and it admits the following continuous C-action. 

MiCP^) X C ^ Al(CP^), (/(z), a) ^ f{z + a). 

The main purpose of the paper is to study the mean dimension dim(A^(CP^) : C) of this 
infinite dimensional dynamical system. (Mean dimension is an invariant of topological 
dynamical systems introduced by Gromov ^2]. We review its definition in Section l2m ) 
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Let / : C — 7- CP^ be a Brody curve. We define an energy density p(/) by setting 



(This limit always exists. See Section 12.21 ) We define the Nevanlinna-Shimizu-Ahlfors 
characteristic function T(r, /) (r > 1) by 



From the Brody condition \df\ < 1, we have T(r, /) < 7rr^/2. We define Pnsa(/) by 



It is easy to see Pnsa(/) < p(/)- 

Let p(CP^) be the supremum of p(/) over / G M{CP^), and let pnsa(CP^) be the 
supremum of Pnsa(/) over / G Ai{CP^). We know (see Section 



The main result of this paper is the following: 
Theorem 1.1. 

2(A^ + l)p(CP^) < dim(M(CP^) : C) < 4ArpNSA(CP^). 

Corollary 1.2. 

dim(>l(CP^) : C) = 4p(Cpi) = 4pnsa(CP^). 

From Theorem[ril 4p(CPi) < dim(A^(CPi) : C) < 4pNSA(CPi). Since pnsa(CPI) < 
p(CP^), we get the corollary. 

The formula dim{M{CP^) : C) = 4pnsa(CP^) was conjectured in [221 P- 1643, (4)]. 
This formula is very surprising (at least for the authors) because the definitions of the 
left-hand-side and the right-hand-side are totally different. 

The upper bound dim(A^(CP^) : C) < 4A^pnsa(CP^) was already proved in [191 
Theorem 1.5] by using the Nevanlinna theory. (Remark: We used the notation e(/) 
for Pnsa(/) in pL9j.) The purpose of the present paper is to prove the lower bound 
dim(M(CP^) : C) > 2(iV+ l)p(CP^). 

1.2. Non-degenerate Brody curves. For a G C and r > we set Dr{a) := {z G 
C| \z—a\ < r}. The following is a key-notion of the paper. This notion was first introduced 
by Yosida [23]. (Gromov [121 p. 399] also discussed it in a more general situation. See 
also Eremenko [5l Section 4] and Remark 11.41 below.) 



(1) 





Pnsa(/) := limsup — -T{r, /). 



< Pnsa(CP^) < p(CP^) < 1. 
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Definition-Lemma 1.3. Let / : C — t- CP^ be a Brody curve. Then the following two 
conditions are equivalent. 

(i) Any constant curve does not belong to the closure of the C-orbit of /. (In other words, 
for any sequence of complex numbers {a„}ri>i, the sequence of Brody curves {f{z+an)}n>i 
does not converge to a constant curve.) 

(ii) There exist 6 > and R> such that for all a G C we have IM/|lLoo(£)^(a)) — 

/ is said to be non-degenerate if it satisfies one of (and hence both) the above conditions. 

Proof. The following argument is given in [23j . Suppose that the condition (ii) fails. Then 
for any n > 1 there is a„ G C such that \\df\\^cx,(^D^(^an)) — Taking a subsequence, we 
can assume that the sequence {f{z + a„)}„>i converges to a Brody curve g{z). Then 
IMfi'llL°°(Di(o)) ~ 0- This implies that g is a. constant curve. 

Suppose the condition (ii) holds. Let {a„}„>i be a sequence of complex numbers. If 
{f{z + a„)}n>i converges to g{z), then IMfl'||i^oc(£)^(o)) > Hence g{z) is not a constant 
curve. This proves the condition (i). □ 

Remark 1.4. The above argument also proves that the conditions in Definition-Lemma 
IL3l are equivalent to the following: 

(ii') For any R> there exists 6 > such that for all a G C we have ||c(/||2,oo(£)^(q)) > S. 

Yosida [231 Theorem 4] proved (i) (ii') for the case of = 1. In [23] Brody curves 
/ : C — )■ CP^ satisfying (i) are called meromorphic functions of 1st category. In Eremenko 
[51 Section 4] Brody curves / : C — ?■ CP^ satisfying (i) are called binormal curves. Gromov 
p. 399] used the terminology "uniformly nondegenerate" . 



Example 1.5. f{z) = G A^(CP^) is a degenerate (i.e. not non-degenerate) Brody 
curve. A non-constant elliptic function f{z) G M.{CP^) is a non-degenerate Brody curve. 

In our viewpoint, non-degenerate Brody curves are "non-singular points" of the space 
M{CP^), and they behave very nicely for the calculation of the mean dimension: 

Theorem 1.6. Let / : C — CP^ be a non-degenerate Brody curve with \\df\\^ao(^Q < 1- 
Then 

dim{M{CP^) : C) > 2{N + l)p(/). 

The following theorem means that there are "sufficiently many" non-degenerate Brody 
curves: 



Theorem 1.7. Let / : C — CP^ be a holomorphic map with \\df\\^oo(^Q < 1- Then for any 
e > there exists a non- degenerate Brody curve g : C ^ CP^ satisfying \\dg\\^oo(^Q < 1 
and p{g) > p{f) -e. 



Proof of Theorem assuming Theorems \1.6{ and \1.'7\ The upper bound dim(A^ (CP 



C) < 4A^pnsa(CP^) was already proved in [191 Theorem 1.5]. Here we prove the lower 
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bound. Let / : C — )■ CP^ be a Brody curve. Let < c < 1 and set fc{z) = f{cz). Then 
\dfc\{z) = c\df\{cz) and p(/c) = c^pif)- Since ||c(/c||j;^oo(c) < c < 1, we can apply Theorem 
IL7I to fc- Then for any e > there exists a non-degenerate Brody curve : C — t- CP^ 
satisfying ||ii5'llL°o(c) < 1 p{g) > p{fc) - e = c^p{f) - e. By Theorem O] 

dim(7W(CP^) : C) > 2{N + l)p{g) > 2{N + l){c^p{f) - e). 

Let e and c 1. We get dim(A^(CP^) : C) > 2(iV + l)p(/). Taking the supremum 
over / G M{CP^), we get dim(M(CP^) : C) > 2{N + l)p(CP^). □ 

2. Some preliminaries 

2.1. Review of mean dimension. In this subsection we review the definition of mean 
dimension. For the detail, see Gromov [12] and Lindenstrauss- Weiss \1A\. (For some 
related works, see also Lindenstrauss [13] and Gournay [Tf |8| [9| [10].) 

Let (X, d) be a compact metric space, and let y be a topological space. Let e > 0. A 
continuous map / : X — )■ F is called an e-embedding if Diam/~^(y) < e for all y ^Y. Here 
Diam/"^(?/) is the supremum of d{xi,X2) over xi,X2 G We define Widime(X, rf) 

as the minimum integer n > such that there are an n-dimensional polyhedron P and 
an e-embedding f : X ^ P. 

For example, let X = [0, 1] x [0,£:] with the Euclidean distance. Then the projection 
vr : X — [0, 1] is an e-embedding, and we have Widime(X, Euclid) = 1. The following 
example is very important in the later argument. This was given by Gromov [121 P- 333]. 
(For the detailed proof, see Gournay [8], Lemma 2.5] or Tsukamoto [22l Appendix].) 

Example 2.1. Let be a finite dimensional Banach space over R, and set Br{V) : = 
{a; G y| ||x|| < r} for r > 0. For < e < r, 

Widim,(P,(\/), HI) = dimV. 

Here we consider the norm distance on Br{V). 

For a subset Q G C and r > 0, we define dr^l as the set of a G C satisfying Dr{a)r\Q ^ 
and Dr{a) fl (C \ 1]) 7^ 0. Let {n > 1) be a sequence of bounded Borel subsets of C. 
It is called a F0lner sequence if for all r > 

Aiea^drfln) „ . ^ 
Area(«„) ^° <" ^ 

For example, the sequence fin '■= -Dn(O) is a F0lner sequence. The sequence Qn '■= 
[0,n] X [0,n] is also F0lner. We need the following "Ornstein- Weiss lemma". (For the 
proof, see Gromov [12| pp. 336-338].) 

Lemma 2.2. Let h : {bounded Borel subsets of C} — t- ]R>o be a map satisfying the fol- 
lowing three conditions, 
(i) IffLi C VL2, then h{VLi) < h{VL2). 
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(zz) h{ni u fis) < h{ni) + h{n2). 

(in) For any a G C and any hounded Borel subset Q G C, we have h{a + Q) = h{Q) where 
a + n := {a + z e C\z e il}. 

Then for any F0lner sequence fin [n > 1) in C, the limit of the sequence 

(„>i) 

exists, and its value is independent of the choice of a F0lner sequence. 

Suppose that the Lie group C continuously acts on a compact metric space X. Here we 
don't assume that the distance is invariant under the group action. For a subset f2 C C, 
we define a new distance dn on X by 

dn{x,y) := sup d{a.x,a.y). 

aGO 

It is easy to see that the map Q i— Widim£(X, d^) satisfies the three conditions in Lemma 
12.21 for each e > 0. So we define a mean dimension dim(X : C) by 

dim(X : C) := hm ( hm ^^^^"^^ ^.^^ 
£^+0 yn^oo Area(i7„) 

where f2„ (n > 1) is a F0lner sequence in C. The value of the mean dimension dim(X : C) 
is independent of the choice of a F0lner sequence, and it is a topological invariant. (That 
is, it is independent of the choice of a distance on X compatible with the topology.) For 
example, we have 

Widim£(X, ^^^(o)' 



dimfX : C) = lim ( lim 

(2) ^ 

- lim f lim ^^^^^^^^'^lo,RMo,R], 



2.2. Energy density. Here we explain some basic properties of the energy density p{f) 
introduced in ([1]). Let f : C ^ CP^ be a Brody curve. Then the map 

aec Ja+n 

clearly satisfies the three conditions in Lemma 12. 2[ where C C is a bounded Borel 
subset. Therefore we can define the energy density p(/) by 

P(/) := lim -r — (sup / \df\'^dxdy] , 
n^oo Area(i2„) V^ec Ja+n^ / 

where fi„ {n > 1) is a F0lner sequence in C. In particular, we have 
Pif) = lim (sup / \df\'^dxdy) 

\aeC J\z-a\<R J 

= lim 4^ ( sup / \df\'^dxdy] . 

R^oo K \a,bm J[a,a+R]xlb,b+Rl / 
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From this we get 

If 2 
p(/) > limsup —r / \df\'^dxdy > limsup ——T{R, f) =: Pnsa(/)- 

If / is elliptic (i.e. there is a lattice A C C such that f{z + A) = f{z) for all A G A), then 

p{f) = limsup / \df\^dxdy = Pnsa(/) = -r tttttt / \df\^dxdy. 

R^oo ttR^ J\,\<r Area(C/A) Jc/a 

In the paper ^20]! we studied the quantity 

limsup — —J I \df\'^dxdy. 
R^oo vri? J\z\<R 

Some methods and results in |20] can be also applied to p(/). For example, from [201 
Proposition 2.6, Proposition 3.1] (Proposition 3.1 in [20] follows from a result of Calabi 
[4|, Thoerem 8],), there exists < c{N) < 1 such that for all Brody curves / : C — )■ CP^ 
and all a, 6 G M 

\df\'^dxdy < c{N). 



j 

J la. 



[a,a+l]x[b,b+l] 

Hence 



p(CP^^)= sup pif)<c{N)<l. 

Moreover, from [201 Proposition 5.10], there exists r > such that for all Brody curves 
/ : C ^ CP^ and all a, 6 G M 



4 / \df\^dxdy < 1 - 10" 



100 



^ J [a,a+r]x[b,b+r] 

Hence we get an explicit (but very rough) bound: 

p(Cpi) < 1 - 10-^°°. 

In the paper |22l Section 1.2] we constructed an elliptic function / : C — )• CP^ such 
that / is a Brody curve and 

p(/) = Pnsa(/) = ^ ^ T^f^lj = 0.6150198678198.... 



Hence 

2tt f dx ^ 



100 



The authors think that it is very wonderful if the first inequality is an equality. 

It is very difficult to determine the value of p(CP^), but we have the following clear 
result on its asymptotic behavior: The sequence p(CP^) (A^ > 1) is a non-decreasing 
sequence, and from [20^ Theorem 1.5], we have 



lim p(CP 
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Moreover the proof of [201 Theorem 1.5] also shows 

hm Pnsa(CP^) = 1. 

N^oo 

3. Proof of Theorem 11.61 

In this section we prove Theorem 1 1 . 61 assuming Propositions l3.1l and l3.2l below. Theorem 
11.71 will be proved in Section [61 Let TCP^ be the tangent bundle of CP^ . It naturally 
admits a structure of a holomorphic vector bundle. We consider the Fubini-Study metric 
on it. Let / : C — )■ CP^ be a Brody curve, and let f*TCP^ be the pull-back of 
TCP^ by /. /*TCP^ is a holomorphic vector bundle over the complex plane C, and its 
Hermitian metric is given by the pull-back of the Fubini-Study metric. Let Hf be the 
space of holomorphic sections u : C — t- /*TCP^ satisfying ||m||2,c=o(c) < +oo. {Hf, |H|^oo(c)) 
is a complex Banach space (possibly infinite dimensional). We set Br{Hf) := {m G 
Hf \ lhllz,oo(c) < r} for r > 0. 

Proposition 3.1. Let / : C — t- <CP^ be a non- degenerate Brody curve with \\df \\^oo(^q < 1- 
Then there exist 6 > and a map 

Bs{Hf)^M{CP''), fu. 

satisfying the following two conditions: 
(^) fo = /. 

(a) For all u,v E Bs{Hf) and z E C 

\d{fu{z),f^{z)) - \u{z)-v{z)\ \ < i . 

Here d{-, ■) is the distance on CP^ defined by the Fubini-Study metric, and \u{z) — v{z)\ 
is the fiberwise norm of f*TCP^ . 

Let R > and A C C A is said to be an i?-square if A = [a,a-\- R] x [b, b-\- R] for some 

Proposition 3.2. Let / : C — )■ CP^ be a non- degenerate Brody curve. Then for any 
R-square A C C with R > 2 there exists a finite dimensional complex subspace V C Hf 
satisfying the following two conditions: 

(^) 

dime V>{N + l) I \df\'^dxdy - CfR. 

J A 

Here Cf is a positive constant depending only on f (and independent of R, A), 
(a) For all u E V we have ||m||j;^oo(c) < 2 ■ 

Propositions 13 . II and 13 .21 will be proved later (Sections [Hand [5]) Here we prove Theorem 



11.61 assuming them. 
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Proof of Theorem \1.(K We define a distance on Ai (CP^) by 

oo ^ 

dist(^, /,) := V — sup d{g{z), h{z)), {g, h G Al(CP^)). 
Then |dist(c/, /i) - rf(c/(0), /i(0))| < (1/9) snp, ^cd{g{z),h{z)). Hence for C C 



(4) 



Idistnlfi-,/;.) - sup d{g{z),h{z))\ < ]- sup d{g{z),h{z)). 

zen y zee 



Let 5 > be tlie positive constant introduced in Proposition 13.11 Let A C C be an i?- 
square (i? > 2). By Proposition I3.2[ tliere exists V = V\ C Hj satisfying the conditions 
(i) and (ii) in Proposition 13. 2[ We investigate the map Bs{Hf) — ^ A^(CP^), u fu, 
(given by Proposition 13. ip and its restriction to BsiV) := V H Bs{Hf). 

From the condition (ii) of Proposition l3.1| for u. v G ^^(if/), we have sup^g^ (i(/„(2;), /^(2;)) < 



(9/8) \\u-v\\ 



Hence {Bs{Hf),\\-\\j^^^^-^) — t- M.{CP ) is continuous. For u,v G 



distA(/«, fv) - sup \u{z) - v{z) 



< 



distA(/«, fy) - sup d{fuiz), fy{z)) 

zGA 



sup d{fu{z), fv{z)) - sup \u{z) - v{z)\ 

zeA z£A 



< sup d{fu{z), fv{z)) + \\u- v\^^,^. (by Proposition O (ii) and ^) 
1 



Thus 



\\u — V 



Iloo(a) < distA(/?i, /?,) + - \u 'y||/^oo(c) . 



L°o{c) - 2 11"" - ^IIl°°{A) (Proposition [3]2] 



For u, f G Bsiy) = V f\ Bs{Hf), we have \\u — v 
(ii)). Hence 

II" - "IIl°°(c) ^ 4distA(/„,/^,), {u,v G Bs{V)). 

Hence for e < 5/4, 

Widim,(A^(CP^),distA) > Widim4,(P5(y), Ih^^c)) 

= dim^ V (by Example 12.11) 

> 2(A^ + 1) / \df\'^dxdy - 2C/P (by Proposition (i)). 

J A 

Since Widims(Al(CP^), distA) = Widim,(A^(CP^), dist[o,i?]x[o,H]), for e < 5/4, the quan 
tity Widime(A^(CP^), dist[o,/j]x[o,fl]) is bounded from below by 



2(A^+1) (^sup j \df\'^dxdy^ -2CfR. 
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Here A runs over all i?-squares. Dividing this by and letting i? — )■ oo, we get 

jim (^-lwidim,(A^(CP^),dist[o,«]x[o,/?])) > 2(iV + 
Here we have used ©. Let £ ^ 0. Then dim(Al(CP^) : C) > 2{N + l)p(/) by (E]). □ 

Remark 3.3. The above argument also gives the lower bound on the local mean dimen- 
sion dimj-(A1(CP^) : C). (Local mean dimension is a notion introduced in [IS].) The 
readers can skip this remark. 

Let / : C — J- CP^ be a non-degenerate Brody curve with ||(i/||2,oo(c) < 1- Let Br{f)c C. 
M{CP^) (r > 0) be the set of ^ e M{CP^) satisfying distc(/,^) < r. Since /o = /, 
if (4/5)r < 6 then u G P(4/5)r(-ff/) satisfies /„ G Pr(/)c- Let A C C be an P-square 
(P > 2). As in the above proof, for ie < (4/5)r < 6, we get 

Widim,(P,(/)c, distA) > 2(iV + 1) / \df\^dxdy - 2CfR. 

J A 

Hence 

dim.(A^(CP^) : C) := lim | lim ( lim At sup Widim,(P,(/)c, distA) 

r^+O \R^oo A;R-square 

>2(Ar+l)p(/). 

Then dimioc{M{CP^) : C) := sup^g^(cpiv) dim/(A^(CP^) : C) satisfies 

2(Ar+ l)p(CP^) < dimte(A^(CP^) : C) < dim(7W(CP^) : C) < 4ArpNSA(CP^). 
The proof is the same as the proof of Theorem II. 1[ In particular we get 

dim,o,(A^(CP^) : C) = dim(A^(CP^) : C). 

4. Proof of Proposition 13.11 
In this section we prove Proposition 13.11 

4.1. Analytic preliminaries. Let / : C — )■ CP^ be a Brody curve. As in Section [3l 
let TCP^ be the tangent bundle of CP^ with the natural holomorphic vector bundle 
structure, and let E := f*TCP^ be the pull-back of TCP^. P is a holomorphic vector 
bundle over the complex plane C. Its Hermitian metric h is given by the pull-back of 
the Fubini-Study metric. E is equipped with the unitary connection V defined by the 
holomorphic structure and the metric h. 

Let 1 < p < oo be a real number, and A; > be an integer. Let a G ;^^(A°'*(P)) 
(i = 0, 1) be a locally L^-section of A°'*(P) (the C°°-vector bundle of (O,'i)-forms valued 
in E). For a subset f2 C C, we set 
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We define the £°°L^-norm lal^oo^p by 



IMe^LP ■- sup \\a\\mDi(z)) 
* zee * 



Let (A°'^(E)) be the Banach space of all a e Ll i^^{K^'\E)) satisfying \a\^^^v^ < +00. 
Lemma 4.1. (i) For a e ;^^(A°'*(E)), 

II'^IIl°°(C) — '-'Oust ||c^||£oo^2 . 

(Precisely speaking, if the right-hand- side is finite then the left-hand-side is also finite and 

satisfies the inequality.) 

(11) Ifae Lli^^{A'^'\E)) withp> 2, then 

Lo°(C) — constp |ct|^oo^p • 



Proof. Since A^(CP^) is compact, there are 6 > and constp > {k > 0) such that 
for every z & C there is a trivialization u of the holomorphic vector bundle E over a 
neighborhood of Ds{z) such that M^/i = {h^ii)ai3 (the Hermitian matrix representing h 
under the trivialization u) satisfies \\h^ 



< constfc. (Here (h°'^] 

CHDsiz)) 



.. Wllcfe(Da(z)) ' 

{h^p)~'^.) Then the norms and ||a||icx)(£)^(^)) are equivalent to ||m o a || 2,^(1)^(2)) and 

\u o a||ioo(£,^(2)) uniformly in 2; G C respectively. (We consider m o a as a C^-valued (0, i)- 
form in Ds{z).) Hence the Sobolev embedding theorem (Gilbarg-Trudinger [HI Chapter 
7.7]) implies 

\'Al°°(D6{z)) — const ||«||^2(£,^(^)) . 

Here the important point is that const is independent of 2; G C. Thus ||a||j;^cx)(c) < 
const ||a||^oo^2. (ii) can be proved in the same way. □ 

Let (y9 : C — > M be a C°°-function satisfying ||v2||cfe(c) < +^ for all k > 0. We set 
9*(a) := e~'^d*{e'^a) for a G Q^'^{E). Here d* is the formal adjoint of the Dolbeault 
operator d : Q^{E) — > Q^'^{E) with respect to the Hermitian metric h. 5* is the formal 
adjoint of d with respect to the metric e'^h. We define the operator : i7''''(i?) — )■ Q^'^{E) 
by setting 

D^a := d^da {i = 0), D^a := 99*a {i = 1). 
Lemma 4.2. For a G i'^Ll^^{A^''{E)) , 

k-\-2 \ 



LP ~^ II ^V-''^ i/^Z/^ 

k 



More precisely, if a G L^_^_2 lod^ i-^)) ^'^'^ right hand side of the above is finite then 



a G £°°L? , 2 and satisfies the above inequality. 
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Proof. We use the trivialization u of E introduced in the proof of Lemma 14.11 Since 
iv^ic'(c) ^ ^ — under the triviahzation u, the operator is represented as 

over a neighborhood of Ds{z) where the C'-norms (/ > 0) of the matrices A, B, C over 
Ds{z) are bounded uniformly in z E C Then from the L^-estimate (Gilbarg-Trudinger 
P Chapter 9.5]) 

ll"lli^+2p«/2(2)) - COnstp,fc,^ [Mlp(Ds(z)) + \\^-fi^\\Ll(Ds(z))) ■ 

The desired estimate follows from this. □ 

4.2. Perturbation of the Hermitian metric. Here we develop a perturbation tech- 
nique of a Hermitian metric (Lemma 14.51 below) . Gromov also discussed it in [121 P- 399]. 
Tsukamoto [22], Section 4.3] studied an easier situation. 

Lemma 4.3. Let g : C ^ M>o be a non-negative smooth function with < +oo 

for all k > 0. We suppose that the following non- degeneracy condition holds: There exist 
6 > and R > such that for all p E C we have \\g\\L^(^Dii{p)) — ^- Then there exists a 
smooth function : C — i- M satisfying 

{-A + l)(p = -g, < +00 (Vfc > 0), snp(p{z)<0. 

Here A = d'^/dx^ + d'^/dy'^. 

Proof. We need the following sublemma. 

Sublemma 4.4. Let (f : C ^ W be a function of class {(f G Cf^c)- Suppose that the 
norms || || ^^oo (c) ^'^^ + 1)¥'IIl°o(c) '^^^ both finite. Then 

Ml^(c) <4||(-A + 1)(^||^^(c)- 

Proof. Take Zq E C such that |v5(-2o)| > IIv^IIl°°(c) -^^^ simplicity, we suppose Zq = 0. 
Moreover we suppose ip{0) > 0. (If ip{0) < then we apply the following argument to 
-ip.) We define w : C R by 

'.27r 



27r 



w satisfies 



{-A + l/2)w = 0, mmw{z) = w{0) = 1, w{z) +oo {\z\-^+oo). 
Then (-A + l)w = w/2 > 1/2. For e > 0, set M := 2 ||(-A + iM^o^^c) + ^ > 0. 
(-A + 1) {Mw -ip)> M/2 - (-A + l)ip > ||(-A + l)¥^||ioo(c) + ^/2 - (-A + l)ip > e/2. 
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Since the function Mw — is positive for \z\ ^ 1, the weak minimum principle (Gilbarg- 
Trudinger [6l Chapter 3.1, Corollary 3.2]) implies that this function is non-negative ev- 
erywhere. Hence 

ML^ic) /2 < ^(0) < Mw{Q) = M = 2 ||(-A + 1)^1^0.(0 + e. 
Let e -)■ 0. We get 

Ml^^c) < 4||(-A + l)(/?||^^(Q• 
□ 

Let 0„ : C — )■ [0, 1] {n > 1) be a cut-off function such that 0„ = 1 over Dn{Q) and 
supp(0„) C Dn+i{Q). We want to solve the equation (—A + \)ip = —(priQ- The following 
is a standard L^-argument. 

Let L\{<C) be the space of L^-functions : C — R satisfying dip/dx,dip/dy G 
with the inner product {ip,ip')i^2 := {ip^(^')ip. + {dip / dx , dip' / dx) ^2 + {dip / dy , dip' / dy) ^2 . 
Consider the bounded linear functional: 

Ll{C) ^ M, ip^-{ip, 0„^)l2. 

From the Riesz representation theorem, there uniquely exists <^„ G L\{'C) satisfying 
{ip,iPn)L2 = —{ip,(f)ng)i2 for all ip G Lf^C). This implies (—A + l)ipn = —4>ng as a 
distribution. From the local elliptic regularity, ipn is smooth and ||v5n|l2,°o(c) < +oo. Then 
we can apply Sublemma 14.41 to ipn and get 

By the local elliptic regularity, for every compact subset K C C and A; > 0, the sequence 
||v3n|lcfc(x) ('^ — 1) bounded. Then we can choose a subsequence rii < n2 < < . . . 
such that ipn^. converges to some ip in C°° over every compact subset of C ip satisfies 
(-A + l)ip = -g and ||v5||i^oo(c) < 4 ||fi'||2,oo(c)- By the elliptic regularity, ||v5||cfe(c) < +^ 
all k>0. 

Note that we have not used the non-degeneracy condition of the function g so far. We 
need it for the proof of the condition sup^f^Qip{z) < 0. 

Set M : = s\xp^^Qip{z). There are Zn G C (n > 1) such that ip{zn) — )■ M. Set ipn{z) : = 
ip{z + Zn) and gniz) := g{z + Zn). Then 

(-A + l)ipn = -gn- 

The sequences ||v5n|lcfc(c) ^^'^ Il5'nllc'=(c) ^ 1) are bounded for every /c > 0. Hence by 
choosing a subsequence (denoted also by ipn and (7„), we can assume that ipn and gn 
converge to ipoo and g^o respectively in over every compact subset of C. They satisfy 

goo > 0, (-A + l)ipoo = -goo < 0, iPoo{z) < V3oo(0) = M. 

From the non-degeneracy condition of g, the function g^^ is not zero. Hence if (p^o is a 
constant, then ip^o = —goo is a negative constant function and M < 0. If v?oo is not a 
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constant, then the strong maximum principle ^ Chapter 3.2, Theorem 3.5] imphes that 
yjoo cannot achieve a non-negative maximum value. Hence M = v?oo(0) = max^gc y^ooiz) < 
0. □ 

Recall that / : C ^ CP^ is a Brody curve and E = f*TCP^ . For a e n^^\E) we 
have the Weintzenbock formula: 

(5) dd*a = ^V*Va + Qa, 

where := [Vd/dz,'Vd/dz] is the curvature operator. The crucial fact for the analysis 
of this paper is that the holomorphic bisectional curvature of the Fubini-Study metric is 
positive. From this, there exists a positive constant c such that 

h{ea,a) > c\df\^\a\\ 

This means that the curvature operator is positive where \df\ is positive. The non- 
degeneracy condition of the map / enters into the argument through this point. (See 
the condition (ii) of Definition-Lemma 11.31 ) In the next lemma we will prove that if / 
is non-degenerate then we can perturb the Hermitian metric h so that the curvature is 
uniformly positive: 

Lemma 4.5. Let / : C — t- CP^ be a non- degenerate Brody curve. There is a smooth 
function y9 : C — )■ M with ||v5||cfc(c) < +^ (^^ — 0) satisfying the following. Let be the 
curvature of the Hermitian metric := e'^h. Then there is c' > such that 



for allae n°'^{E). 

Proof. We have B^a = — -|- Oct for a G Q^'^{E), and hence 

/i^(e^a,a) = e^ ( ^^\a\l + h{Qa,a)] > (^^ + c\df\^ ^ '-'^ 



By the non-degeneracy of / and Lemma 14.31 there is a smooth function : C — t- 
satisfying 

(-A + = -4c|ci/|^ y\\ck(c)<+^ (VA:>0), sup(^(z)<0. 

zee 

Then 



h^{e^a,a) > e^{-^/A)\a\l = {-^/A)\a\l^ > {- snp ^(z) /A)\a\l^. 

zee 

Hence c' := — sup^(^^ip{z)/4: > satisfies the statement. □ 



In our convention, the Fubini-Study metric gij on CP is given by 
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over {[1 : Zi : ■ ■ ■ : z^]} C CP^ . The spherical derivative \df\{z) for a holomorphic curve 
/ : C ^ CP^ satisfies 

(6) /* (y^^gfjdzidzj^ = \df\^dxdy. 

The Fubini-Study metric gfj satisfies the Kahler-Einstein equation 

RiCjj = -^j^log(det(c/H)) = 2'k{N + l)c/-. 

From this, the curvature operator 9 = \^ a/dz,^ a/dz] in dS]) satisfies 



(7) ^^^ti{Q)dzdz ={N + l)\df\'^dxdy 

since iT{Q)dzdz = f*{^RiCijdzidzj). The equation (j7]) will be used in the proof of 
Proposition 15.11 Note that the form {\/—l/2n)tT{Q)dzdz is the Chern form representing 
ci{E) although we have ci{E) = because H'^{C; Z) = 0. 

4.3. L°°-estimate. Let / : C — ?■ CP^ be a non-degenerate Brody curve, and let (p : 
C — i- M be a smooth function introduced in Lemma 14. 5[ Propositions 14.61 and 14.71 below 
essentially use the positivity of the curvature 0<^. 

The following L°°-estimate was proved in [221 Proposition 4.2]. 

Proposition 4.6. Let a e be an E -valued (0, l)-form of class (a G Cf^^)- 

b := D^a. If ||a||^oo(c) , II&IIloo(c) < +00, then 

||«|Iloo(c) < const II^IIl°o(c) • 

Proof. The proof is similar to the proof of Sublemma 14.41 For the detail, see [221 PP- 
1648-1649]. □ 

Proposition 4.7. Let b E Lli^^{A^'^{E)) and suppose ||&||^oo(c) < +00. Then there 
uniquely exists a G Lli^^{A^'^{E)) satisfying 

D^a = b, ||a||ioo(c) < +00. 

Moreover ||a||^oo(c) + ||Va||^^(Q < const II^IIl°=(c)- 

Proof. The uniqueness follows from Proposition l4.6[ (Note the Sobolev embedding Li 
Cfg^ in ]R2.) So the problem is the existence. We have the Weinzenbock formula: for 

ae^f^'\E) 

U^a = -V* VipO + Q^a, 

where V<^ is the unitary connection on E with respect to the metric = e'^h. satisfies 
the positivity condition in Lemma [4.51 

Let 0„ : C — 7- [0, 1] be a cut-off function such that (/)„ = 1 over DniGi) and supp((/)„,) C 
Dn+iifS). From the positivity of the curvature, as in the proof of Lemma H751 a standard 
L^-argument shows that there is a„ G L\{I\^'^{E)) (the space of L^-sections a of K^'^{E) 
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satisfying V G L^) satisfying D^a^ = 0„6 as a distribution. (For the detail, see 
Lemma 5.3].) The local elliptic regularity implies a„ G L\i^^. By Lemmas 14.11 (i) and 14.2 



11'^'^ IIl°o(C) — const Ic^n l^ooj;^! ^ COUSti^ ( || C^n || ^00/^2 ~l~ || nt/jC^n || ^00/^2 ) 

< const^ (lanli^ + ll0n&|lLoo(c)) < +00. 

By Proposition HJ] we have ||an|lLoo(c) < const j^^^ ||6„||^oo(c) < const/^^^ ||6||^oo(q. Then 
for any compact set C C the sequence ||an||2,2(x) — 1) bounded. By choosing 
a subsequence ni < 722 < ?t-3 < • • • , the sequence converges to some a weakly in 
L\{Dr{Q)) (and hence strongly in L°°(D/j(0))) for every i? > 0. a satisfies D^a = 6, and 
||«|Ilcx,(c) < sup„>i ||o.n|lioo(c) < const II^IIl°°(c)- ^^'^ local elliptic regularity a G L\i^^- 
By Lemmas |0 (ii) and HH 

II^IIl°°{C) + II^^IIl°°(c) - ^o'^s^ < const^ (ll«ll^oo^3 + ll&ll^oo^s) < const II^IIl°°(c) ■ 

□ 

4.4. Deformation theory. Let f : C ^ CP^ be a non-degenerate Brody curve with 
II'^/IIl°°(c) ^ ^- ^^^^ subsection we study a deformation of / and prove Proposition 13. II 
Gromov [T2i pp. 399-400, Projective interpolation theorem] studied a different kind of 
deformation theory. Our argument is a generalization of the deformation theory of elliptic 
Brody curves developed in p2] . 

Consider the following map (see McDuff-Salamon [T7l p. 40]): 

$ : i^LliE) £°^L2(A0'1(E)), u ^ Pu{dexpu) ® dz. 

Here expw = expj(^^^u{z) is defined by the exponential map of the Fubini-Study metric, 
and 

1 f d d \ 

(9 exp u := - i -— expu + J— exp u] (J: complex structure of CP^). 

2 \dx oy J 

Pu{z) '■ ^cxpj(3) u(z)CP'^ — )■ Tf(^z)CP^ is the parallel translation along the geodesic exp j^^-) {tu{z)) 
(0 < t < 1). 

$ is a smooth map between the Banach spaces. $(0) =0 and the derivative of $ at 
the origin is equal to the Dolbeault operator: 

d% = d: e^Ll{E) i^Ll{A^'\E)). 

Proposition 4.8. There is a bounded linear operator Q : £°^L|(A'^'^(i?)) — )• i°°Ll{E) 
satisfying d o Q = 1. 

Proof. We will prove that the map 

(8) = BB* : i°°Ll{A'^'\E)) LI{A''^\E)) 
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is an isomorphism. (^9 : C — ?■ M is a smooth function introduced in Lemma [4.51 ) Then 
Q := 9;n-^ : £~L2(A0.1(E)) ^ l°°Ll{K^'^{E)) becomes a right inverse of d. The injec- 
tivity of the map ([8]) directly follows from the L°°-estimate in Proposition 14.61 

On the other hand, by Proposition 14.71 for every h G ^'^L'\{A.^'^{E)) there is a G 
L°° n L2 ;^^(A0'1(E)) satisfying U^a = b. By Lemma l42l a G i'^Lj. Thus the map (jH]) is 
surjective. □ 

Let Hf be the Banach space of all L°°-holomorphic sections of E introduced in Section 
El Hf is equal to the kernel of the map B : i°°Ll{E) Ll{A^'\E)) by Lemmas O 

and 14.21 Moreover the norms |H|^ooi2 {k > 0) are all equivalent to the norm |H|^cx)(q over 
Hf- 

From Proposition 14.81 and the implicit function theorem, there are r > and a smooth 
map a : {m G Hf \ \\u\\j^^(^q < r} — )■ ImQ (ImQ C i°°Ll{E) is a closed subspace) such that 

^{u + a{u)) = 0, a(0)=0, dao = 0. 

The first and second conditions imply that fu '■= expj(u + a{u)) becomes a holomorphic 
curve with /o = /. The third condition implies that for any e > there exists < 
6 < r such that if M,f G Hj satisfies ||M||ioo(-c) ; lbllL°°(c) — ^ then \\a{u) — tt('y)||^oo(q ^ 

^ Ik ~ '^IIl°°(C)- 

Proof of Proposition l3J[ Since ||(i/||j;^oo(c) < 1, if 5 ^ 1, the holomorphic curves fu {u G 
Bs{Hf)) satisfy ||'i/M||j;^oo(c) < 1- We will prove that if < 5 < r is sufficiently small then 
the map 

BsiHf)3u^ fuEMiCP'') 

satisfies the conditions in Proposition 13.11 The condition (i) (/q = /) is OK. So we want 
to prove the condition (ii). 

We choose < 6 <r sufficiently small so that all u,v E Bs{Hf) satisfy 

\\a{u) - a(t;)||ioo(c) < (1/20) \\u - v\\^^^^.^ , 

and that if vi,V2 G TpCP^ are two tangent vectors satisfying \vi\, \v2\ < 26 then 

|d(exp(t;i),exp(f2)) - \vi - V2\\ < (l/20)|i;i - V2\. 

The former condition comes from daQ = 0, and the latter is just a standard property of 
the exponential map. Then all u,v E Bs{Hf) satisfy 

\d{exp{u + «(«)), exp(t> + a(t'))) — \u + a{u) — v — a{v)\\ < (1/20) \u + a{u) — v — a(f)| 
< (1/20) ||n - + (1/20) \\a{u) - a{v)\\^^^^^ < (1/20 + 1/400) \\u - ' 

and 

\\u + a{u) — f — a{v)\ — Im — f II < \a{u) — a{v)\ < (1/20) \\u — 'y||j;^oo(c) • 
These inequalities imply the condition (ii): 

|rf(exp('u + a{v)),exp{v + a{v))) — \u — v\\ < (1/8) \\u — f ||^oo(c) • 
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□ 



5. Study of Hf. proof of Proposition 13.21 



In this section we prove Proposition 13.21 Let R> 0, and let A = [ai,6i] x [02, ^2] C C 
be an i?-square (i.e. bi = ai + R and 62 = 02 + -R)- For < r < R/2, we set 

drA = {([ai, ai + r) U (61 - r, bi]) x [02, 62]} U {[ai, bi] x ([02, 03 + r) U (62 - r, 62])}. 

(This notation is used only in this section. It conflicts with the notation dr^l introduced 
in Section ) The following is a preliminary version of Proposition 13.21 

Proposition 5.1. Let / : C — ?■ CP^ be a Brody curve. Let e > 0, and let A G C be an 

R-square with R > 2. Then there exists a finite dimensional complex subspace W C Q^{E) 
(the space of C°°- sections of E = f*TCP^) satisfying the following three conditions. 



where Ce is a constant depending only on e. (The important point is that it is independent 



Proof. Set A = [ai, 61] x [02, &2]- Let : M — t- M (i = 1, 2) be smooth functions such that 
< v^i < 1, v^i(x) = X over [a^ + 1/2, 6j — 1/2], '{){x) = ip{ai + 1/4) over x < + 1/4 and 
(Pi{x) = ipipi — l/A) over x > 6j — 1/4. Moreover we assume that, for A; > 1, < const^ 
(depending only on A; > 1). 

We define a C°^-map / : C ^ CP^ by f{x + V^y) := /(</?i(x) + v^<^2(y))- We 
have \df\{z) := max^e^.c, |u|=i M/(m)| < 1 for all z eC. Let E := f*TCP^ be the pull- 
back of TCP^ by /. E' is a complex vector bundle over C with the Hermitian metric h 
(the pull-back of the Fubini-Study metric) and the unitary connection V (the pull-back 
of the Levi-Civita connection on TCP^). From the definition of /, the connection V 
is flat over di/4^A. Flat connections over ^1/4 A are classified by their holonomy maps 
7ri((9i/4A) — )■ U{N). Hence there is a bundle trivialization (as a Hermitian vector bundle) 
g of E over di/^A such that g(V) = d + A {A: connection matrix) satisfies 



Here const^ are universal constants depending only on k. (The important point is that 
they are independent of R.) Let : A — )■ [0, 1] be a cut-off function such that = 1 over 
A \ di/^A, ip = over di/^A, and iV'Icfcj-^) < const^. We define a unitary connection V' 
on E over A by V := g^^id + ipA). (V = V over A \ dij^A.) Under the trivialization 
(7, the metric h and the connection V are equal to the standard metric and the product 
connection of di/^A x over di/^A. 





(C) 



ll^llcH9i/4A) ^ constfc {k > 0). 
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Consider an elliptic curve T := 'C/{R'L + -Ra/— IZ), and let tt : C — ?■ T be the natural 
projection. We define a complex vector bundle E' over T as follows. E' = E over 
7r(A \ Si/sA) = A \ Si/sA, and E'\t,(^q^^^X) is equal to the product bundle 7r(9i/4A) x C^. 
We glue these by the map g. The metric h and the connection V' naturally descend to 
the metric and connection on E' (also denoted by h and V). 

Let 9' := [Vg/g^, Vg/gJ be the curvature of V. From the definition, 9' = [Vq/qz, V q/q^ 
over 7r(A \ (9i/2A) = A \ (9i/2A, and |9'| < const (a universal constant) all over T. Then 
by (HD 

(9) / Ci(E') = f ii{Q')dzdz >{N + l) [ \df\^dxdy - const • R. 

Let 9v' : fi°(-E') — t- f2°'^(£") be the Dolbeault operator over T twisted by the unitary 
connection V (i.e. the (0, l)-part of the covariant derivative V : Q^{E) — t- Q'^{E)). Let 
H^, be the space of u G Q^{E') satisfying ds/ru = 0. From the Riemann-Roch formula 
and the above 

(10) dime i^v' > / Ci{E') > (A^ + 1) / \df\'^dxdy - const • R. 

JT J A 

Lemma 5.2. For all u G H^,, 

II V m||2,oo(x) < K \u\j^oc(j) ■ 
Here K is a universal constant (independent of f , R, A). 

Proof. The connection V has the following property: There is a universal constant r > 
such that for every p G T there is a bundle trivialization f of a Hermitian vector bundle 
E' over D^ij)) satisfying f (V) = d + A' with 

Then the result follows from the elliptic regularity. □ 

Let r = r(£) > be a small number which will be fixed later. We take points 
Pi, . . . ^ 7r(9iA) with M < const,- ■ R such that for every p G 7r(9iA) there is Pi 
satisfying d{p,pi) < r. We define V C H^, as the space of m G H^, satisfying u{pi) = 
for alH = 1 M. From ([10]), 



(11) dime V > dime H^, - dim^ ^0 E'^^j > {N + 1) \df\^dxdy - C,R. 

Let u E V and p G 7r(9iA). Take satisfying d{p,Pi) < r. From u{pi) = and Lemma 



[5:21 

|?^(p)| < r ||V'M||^^(Tr) < tK ||M||ioo(T) • 
We choose r > so that tK < 1. Then the maximum of |m| is attained in T \ 7r(9iA). 
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Let : C — 7> M be a cut-off such that 0=1 over A \ diA, supp(0) is contained in the 
interior of A \ di/2-A, and \d(j)\ < 10. For u & V, we set u' := (pu. Here we identify the 
region A \ di/2A with 7r(A \ di/2A) where we have E' = E, and we consider u' as a section 
of E over the plane C. Set W := {u'\u G V}. We have ||m'||2,oo(c) = iMiLoocir)- Hence, by 
(fTTl) . we get the condition (i): 

dime W = dime V > {N + 1) [ \df\^dxdy - C,R. 

J A 

The condition (ii) is obviously satisfied, du' = d(j) ^ u is supported in diA. 

II^'"'IIl°°(c) — i'"iL°°(7r(aiA)) — lOri^' ||M||j;^oo(-']r) = lOrK \\u l^ooj-c) • 
We choose r > so that lOrK < e. Then the condition (iii) is satisfied. □ 

Proof of Proposition \3.S[ Let e > be a small number which will be fixed later. By 
Proposition 15.11 for this e and any i?-square A {R > 2), there is a finite dimensional 
complex subspace W C Q^{E) satisfying the conditions (i), (ii), (iii) in Proposition 15.11 
By Proposition 14. 7[ there is a linear map 

such that 

dd*^a = du, ||a;a||^^^^^ < C} < ^'j ■ e ||M||ioo(c) • 

Set u' := u — 9* a. Then du' = and ||m'||j;^oo(c) > (1 — ^/^) INIIl°°(c)- choose £ > so 
that 1 - C'fE > 0. We set V := {u'\u G W}. Then V C Hj and 

dime = dime 1^ > (iV + 1) / \df\^dxdy-C,R. 

J A 

For u & W (recall supp('u) C A) 

\\u IIloo(c) ^ (1 + ^/^) II'"IIl°°(c) = (1 + ^/^) II'"IIl°°(a) ' 



IIm'II 



L°°(A) — (1 ^/^) II^IIl°°(A) 



Hence 



1 + C'fS „ 

If iLoo(c) < ]_ _ (^/^ \\l°°{a) ■ 



We choose e > so small that 



1 + C'e 

^— < 2. 

1-C',e- 



□ 
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6. Infinite gluing: proof of Theorem 11.71 

We prove Theorem 11.71 in this section. Our method is gluing: We glue infinitely many 
rational curves to a (possibly degenerate) Brody curve / : C — )• CP^, and construct a 
non-degenerate one. 

A kind of "infinite gluing construction" is classically used for the proof of Mittag- 
LefHer's theorem. Probably another origin of infinite gluing construction is the shadowing 
lemma in dynamical system theory (for example, see Bowen |2j Chapter 3]). Angenent 
P developed a shadowing lemma for an elliptic PDE. Gromov [121 P- 403] suggested an 
idea of gluing infinitely many rational curves to a (pseudo-)holomorphic curve. Macri- 
Nolasco-Ricciardi [15] developed gluing infinitely many selfdual vortices. Gournay [TJ [11] 
studied an infinite gluing method for pseudo-holomorphic curves. Tsukamoto [18], [21] 
studied gluing infinitely many Yang-Mills instantons. 

First we establish a result on gluing one rational curve: 



Proposition 6.1. There are 6o > 0, Rq > and K > satisfying the following statement. 

llL°°(Dfl(p)) 



Let / : C — i- CP^ be a Brody curve. If f satisfies \\df\\j^^(^ , < 6o for some p e C and 



R> Rq + 1, then there exists a holomorphic curve g : C ^ CP^ satisfying the following 
three conditions. 
(^) So < \\dgh^^D,ip)) < 2/3. 

(a) \\dg\{z) — \df\{z)\ < K/\z — over \z — p\ > R. 
(lii) d{f{z),g{z)) < K/\z-pf for z^-p. 

Proof. The proof is just a calculation. It may be helpful for some readers to consider the 
case of = 1 by themselves. Let e > be a sufficiently small number. 6q, Rq, K and 
e will be fixed later. Several conditions will be imposed on them through the argument, 
but basically they need to satisfy 



(5o < ^, Po > 1, ^ < ^ 



Fix a > so that the curve g : C — t- CP^ defined by q{z) := [1 : a/ z^ : ■ ■ ■ : a/z^] 
satisfies ||(iq'||ioo(c) = 1/12. Here 



We can suppose |Mg'||j;^cx,(£)^ (q)) ~ since we choose Rq ^ 1. 

From the symmetry we can assume p = and /(O) = [1 : : ■ ■ ■ : 0]. Let f{z) = 
[1 : /i(z) : ■ ■ ■ : fN^z)] where fi{z) are meromorphic functions in C. Since \df\ < 6o over 
\z\ < R with P > Pq + 1, if we choose 6q sufficiently small (^o ^ ^/Ro), we have 

(12) m)\<e, \f'M\<e (kl<Po). 
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Set gi{z) := fi{z) + a/z^, and we define g : C ^ CP^ by g{z) := [1 : gi{z) gN{z)]. 
We will prove that this map g satisfies the conditions (i), (ii), (iii). 

First we study the condition (iii). The Fubini-Study metric is given by 

ds = rr{l + E\z^\r on{[l:.,:...:.^]}. 

, ^ E \dz^\' + 2(E k.n(E \dz.\') ^ 2(1 + E E \dz^\' ^ 2 



Hence < v^VE.=i M^.P- Thus for f{z) = [1 : /i(2) : ■ ■ ■ : fM{z)] and (7(^) = [1 : 
fi{z) + a/z^ : ■ ■ ■ : fN{z) + a/z^] we get 



(13) d{f{z),g{z)) <y/2/7r 

Next we study the conditions (i) and (ii). We have 

\df\{z) 



^312 





P + E.<,l//(^)/.(^) 


-mf'^{z)\^ 


A(i + EI/.WP) 


^JT. \9[{z) 




- 9^{z)g'^{z)\^ 



where 

9t = fl- - ^i^i = (/i/i - fif'j) + ^ifi - fj) + z^ifl - f'j)- 

Case 1: Suppose r := \z\ < Rq. We will prove 6o < \\dg\\^cx,(^D^ (q)) < 2/3. From f|T2|) . 

|^?.(^)| <£ + -<-, \g-{z)\ >--£>—. 

Here we have supposed e < min(a/i?Q, 3a/(2i?Q)). Then 

, , , VN(3a/(2r^)) "ia^r"^ Sa^/Nr"^ \dq\(z) 

\dg\{z) > ^.^ , o/ «N = o /^/^fi , .Ar„9N ^ 



^{l + ANa?/r^) 2^{r^ + ANa?) - ^^{r^ + No?) 8 ' 

Hence IMS'! loo (£,^^(o)) > (1/8) IMg|lLcx,(z)^^(o)) = 1/96 > 5^. (Here we have supposed 5o < 
1/96.) On the other hand, 



'"^^'^^^ " ~ V^{r' + E\a + z^M') 

From (p|), 

k + > a — £i?Q > -, (here we suppose eR^ < a/2). 

+ ^ |a + > r*^ + ^ > ^ • 

130^2 _ /j^i < 3q^2 ^ < ^2^3^ ^ ^4^^) ^ 4^^2^ (^^g suppose < a). 
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^'{flfj - m + ^ciz\f\ - /,) + az^f: - f')\ < r\2s^Rl + Qae + 2aeR,) < 



ar 



(?) 



Here we have supposed 2e^i?g + Qae + 2aeRo < a/y (^) . Then 



Thus we get 6o < IM^|Iloo(^^^(o)) < 2/3. 

Case 2: Suppose \z\ > Rq. We will prove — |(i(yf|(2;)| < K/r^ for an appropriate 

i^' > 0. We have 

I - < m + h\) ■ I/. - g^\ < (2I/.I + a/r'){a/r') < (2|/,| + a/Rl){a/r'), 

E I i/^i^ - i^^n < ^ (2 E i/^i + ^) ^ 5 (i + E i/^i) -pp°- ^ ^ 2). 

If l/il > a/r\ then 



2 r6 - 2 



a; 



If < a/r^, then 



|^7ir>0> 



— > 



2 



Therefore we always have {gil"^ > \fi\'^/2 — a'^/R^. 



1 + E 

Hence 
(14) 



> 1 



Rn 



)+lj2\f^\">l{^ + J2\f^\") (we suppose^ 



^2' 



1 



4a 



7^(i + Ei/.i) < 4av/Arnv/r+rw 



(i + EI/.P)' 

4av/iVTI 



< 



Then, from ^f- = f- — 3a/z^ and the above (IHl), 



< 



^ AaVNTTm+3a/r^) ^ 



3a 



\2\ ■ 



From \df\ < 1, we have |/i |/(1 + X] l/feP) ^ V^- Hence the above is bounded by 
4av']VTI 



TT + 3a/r^) + 3a// < ^"^^ ^ ^ (v^ + 3a) + 



3a 
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Here we have supposed r > Rq > 1. Set Ka := iay/N + l(-\/vr + 3a) + 3a. Then 



(15) 

From (fT4|) . for i < j, 



\9'.\ 



< 



< 



< 



\9i9j-9j9i\ \9t9j-9j9i 



\9',9j-9j9i\ \f'ifj 



+ 



1 + 



From - g'^g, = {flfj - fj,) + {?>a/z%U - fj) + {a/z^M - /j), this is bounded by 



AaVN + T fm-f;M , 3a(|/,| + |/,|) , a(|/;| + |/;|) 



(16) 

From \df \ < 1, 
Since i < j, 



+ 



+ 



, 3a(|/.| + |/,|) ^ a(|//| + |/j|) 



I fi fj fj fi I 



Hence the above (fT6l) is bounded by 
4aVA^ + 1 



l/.l + l/.l ^ V2v/|/.P + |/,P ^ /- 



1 + E 



3a\/2 2ay/7r\ 3a\/2 2ay^ 



+ 



+ 



+ 



< 



(v^ + 3av^ + 2av^) + + 



Here r>Ro>l. Set := 4aVA^+ 1(^/7? + 3aV2 + 2a^/^T) + 3aV2 + 2a^/^T. Then 



1 + EkP i + ElAP 



< 



From this and ( 1TB|) . 



IM^I(z) - |rf/|(z)| < (l/v^)WA^(^a/r3)2+ 
Here we have used the inequahty 



< V (xi - yiY H V{xi- yiY. 



Set 



K := max (^./WJ^, ^ N Kl + {^^ {K'^f / ^ 
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(This K satisfies the condition (iii) by f fT3|) .) Then 

\\df\{z)-\dg\{z)\<^^ {r>Ro). 



Thus we have proved the condition (ii). 

For Ro < \z\ < R, 

\dg\{z) < 1^/1^00(^^(0)) + ^ < '^0 + ^ < I 

where we have chosen Rq and 6o so that K/Rq < 1/2 and 5o < 1/6- In Case 1, we proved 
^0 < IMS' II L°°(Dfl (0)) — 2/3. Thus we get the condition (i): 

5o < IM^IIloo(o^(o)) < 2/3. 

□ 

Proof of Theorem \l.'l\ Let |M/||j;^oo(c) < 1 — t, (0 < r < 1). Let 5o, -Ro, K be the positive 
numbers introduced in Proposition 16.11 For e > 0, we set 5 := min(5o,v^). R = 
R{£, r) > -Ro + 1 be a large positive number which will be fixed later. 

We index the elements of I? by natural numbers: = {(ai, f3i), (0^2, /32), (03, f^^s), ■ ■ ■}■ 
For n > 1, we set Pn := 2R{an + a/^/3„) and A„ := {x + y\f—l G C| |a; — 2.Ra„| < 
-R, \y — 2R/3n\ < -R}. The squares A„ (n > 1) give a tiling of the plane C. 

We inductively define the sequence of Brody curves : C — t- CP^ (n > 0) as follows. 
We set /o := /. Suppose we have defined /„. 

(1) If \W\\loo(a„+i) ^ then we set fn+i := fn- 

(2) If IM/IIloo(a„+i) < S and |M/n||Lco(A„+i) > ^o, then we set := fn- 

(3) If IM/IL^(A„^,) < S and IM/.i 

L°°(A„+i) ^ '^05 then we apply Proposition |6JJ to /„ 
and Pn+i (note Dji{pn+i) C. A„+i) and get a holomorphic map fn+i '■ C — )► CP^ 
satisfying the following (i), (ii), (iii). 

(i) 5o < \\dfn+i\\L^^Dn{pn+i)) ^ 2/3. 

(ii) \\dfn+i\{z) - \dfn\{z)\ < K/\z-pn+i\^ over \z - Pn+l\ > R. 

(iii) d{fn{z), fn+l{z)) < K/\z-pn+l\^ for Z ^Pn+1- 

For every n > 1, by (i) and (ii) 

, , , K , , , const ■ K 
M/n|(^) <max(l-r,2/3)+ , _ ,3 < max(l - r, 2/3) + . 

fc:|2-pfc|>/? 

Here const is a positive constant independent of n. We choose R so large that the right 
hand side is bounded by max(l — r/2,3/4) < 1. Then all : C — > CP^ become 
Brody curves, and we can continue the above inductive construction infinitely many times. 
Moreover, for all n > 1, 

(17) |MM|^^(Q <max(l- r/2,3/4). 
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For any compact set C C, by the condition (iii), there exists n{Q) > 1 such that 
5^ suprf(/„(z),/.^i(z))< rf(£r^<+^- 

Hence the sequence /n converges to a holomorphic curve q '. C — ^ CP^ uniformly over 
every compact subset of C. From ( fTTI) we have ||(i(7||^oo(c) < max(l — r/2,3/4) < 1. We 
will prove that g is non-degenerate and p{g) > p{f) — e. 

For proving the non-degeneracy oi g, it is enough to show ||'ifi'||j;^cx,(A„) > '^/2 for all 
n > 1. (See the condition (ii) of Definition-Lemma 11.31 ) 

Case 1: If |(i/|(;z) > 5 for some z G A„, then 

I , I / X r K ^ const ■ K 

We can choose R so large that ||<^5'||/,oo(^^^) > 5/2. 

Case 2: If \df\{z) < 5 for all z G A„, then for some k ^ {n — l,n} and w G A„ we have 
\dfk\{w)>6o. Hence 

i.i=f=n 

We can choose R so large that IM5'|Ix,oo(a^) > 5/2. 

We have proved that g is non-degenerate. Next we will prove p{g) > p{f) — e. For this 
sake, it is enough to prove that for every n > 1 



[ \dg\'^dxdy > [ \df\'^dxdy - e. 

JAn \^^) Ja„ 



' ' {2R) 

Case 1: If ||'i/||j;^oo(yv„) > 5, then for all 2; G A„ 

\\dg\\z) - \dmz)\ < 2\\dg\{z) - \df\{z)\ < J] < ^^^^ < e 

, , _L \^ Pk\ ^ 
k:k=f=n 

for sufficiently large R. Hence f|T8|) holds if we choose R sufficiently large. 
Case 2: If < S, then (recall 6 = min(5o, V^)) 

^ \df\^dxdy <6^ <e. 

An 



(2/2)2 

Hence ( lT8l) holds trivially. 

Thus we have proved p((7) > p(/) — e. □ 
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